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Abstract
With the usual definitions for the entropy and the temperature associated with the apparent
horizon, we discuss the first law of the thermodynamics on the apparent in the general scalar-tensor
theory of gravity with the kinetic term of the scalar field non-minimally coupling to Einstein tensor.
We show the equivalence between the first law of thermodynamics on the apparent horizon and
Friedmann equation for the general models, by using a mass-like function which is equal to the
Misner-Sharp mass on the apparent horizon. The results further support the universal relationship
between the first law of thermodynamics and Friedmann equation.
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I. INTRODUCTION
The area law of the entropy [1] and the Hawking radiation [2] of black holes may be
clues to quantum gravity [3]. The Bekenstein-Hawking entropy of black holes is equal to one
quarter of the area of the event horizon measured in Planck units [1, 2]. In 1981, Bekenstein
extended the area law of the entropy of black holes to a weakly self-gravitating physical
system in an asymptotically flat space-time, and he proposed the existence of a universal
entropy bound [4]. These ideas were further generalized to the proposal of the holographic
principle [5–7]. The holographic principle was later realized by the AdS/CFT correspondence
which relates a gravitational theory in d-dimensional anti-de Sitter space with a conformal
field theory living in a (d − 1)-dimensional boundary space [8]. The AdS/CFT was widely
applied to the study of holographic superconductors [9].
Black holes are the classical solutions of Einstein equation, so the four laws of black
holes [10] may show a deep connection between gravitation and thermodynamics. For more
general space-time, one may ask whether the connection still exists. It was shown that we
can derive Einstein equation from the first law of thermodynamics by assuming the area
law of the entropy for all local acceleration horizons [11]. In particular, for cosmological
solutions with Friedmann-Robertson-Walker (FRW) metric, we also expect the equivalence
between the first law of thermodynamics and Friedmann equations, and the relationship was
indeed derived on the apparent horizon [12–16]. For more general theories of gravity, the
universal relationship between thermodynamics and gravitation was discussed extensively
[11–31]. For Brans-Dicke theory [32] and f(R) gravity, a mass-like function was introduced
to keep the equilibrium first law of thermodynamics on the apparent horizon [16].
Brans-Dicke theory is the simplest generalization of Einstein’s general relativity. The
most general scalar-tensor theory of gravity with equation of motion which contains no
more than second time derivatives in four dimensional space-time is Horndeski theory [33].
The Lagrangian of Horndeski theory is
LH = L2 + L3 + L4 + L5, (1)
where L2 = K(φ,X), L3 = −G3(φ,X)✷φ,
L4 = G4(φ,X)R +G4,X
[
(✷φ)2 − (∇µ∇νφ)(∇µ∇νφ)
]
,
2
L5 =G5(φ,X)Gµν∇µ∇νφ− 1
6
G5,X
[
(✷φ)3
−3(✷φ)(∇µ∇νφ)(∇µ∇νφ) + 2(∇µ∇αφ)(∇α∇βφ)(∇β∇µφ)
]
,
(2)
X = −∇µφ∇µφ/2, ✷φ = ∇α∇αφ, the functions K, G3, G4 and G5 are arbitrary functions
of φ and X , and G4,X(φ,X) = dG4(φ,X)/dX . The general non-minimal coupling F (φ)R is
included in L4 if we choose G4(φ,X) = F (φ). The non-minimally derivative coupling with
the kinetic term coupling to Einstein tensor is included in L5 if we choose G5(φ,X) = φ
[34, 35]. The scalar-tensor theory with the non-minimally derivative coupling ω2Gµνφ,µφ,ν
was discussed by lots of researchers recently [36–82].
In this paper, we discuss the thermodynamics of the general scalar-tensor theory of gravity
with non-minimally derivative coupling. The paper is organized as follows. In sect. II,
we review the scalar-tensor theory with non-minimally derivative coupling and discuss the
relation between the first law of thermodynamics on the apparent horizon and Friedmann
equation, and conclusions are drawn in Sect. III.
II. THE FIRST LAW OF THERMODYNAMICS
In this paper, we consider the general scalar-tensor theory of gravity with non-minimally
derivative coupling
S =
∫
d4x
√−g
[
F (φ)
16piG
R − 1
2
(gµν − ω2Gµν)∂µφ∂νφ− V (φ)
]
+ Sb, (3)
where V (φ) is the potential of the scalar field, the derivative coupling constant ω has the
dimension of inverse mass, Sb is the action for the matter, and the general non-minimal
coupling F (φ) is an arbitrary function. For Brans-Dicke theory, F (φ) = φ [32]. For more
general non-minimal coupling, we usually choose F (φ) = 1 + ξφ2, and the special coupling
ξ = −1/6 corresponds to the conformal coupling [83].
Taking variations of the action (3) with respect to the metric gµν leads to the field
equation,
F (φ)Gµν = 8piG
(
T bµν + T
φ
µν
)
+∇µ∂νF (φ)− gµν✷ˆF (φ), (4)
3
where ✷ˆ = gµν∇µ∇ν , the energy-momentum tensor of the scalar field
T φµν =
[
φ,µφ,ν − 1
2
gµν(φ,α)
2 − gµνV (φ)
]
− ω2
{
−1
2
φ,µφ,ν R + 2φ,α∇(µφRαν) + φ,αφ,βRµανβ
+∇µ∇αφ∇ν∇αφ−∇µ∇νφ✷ˆφ− 1
2
(φ,α)
2Gµν
+gµν
[
−1
2
∇α∇βφ∇α∇βφ+ 1
2
(✷ˆφ)2 − φ,αφ,β Rαβ
]}
,
(5)
T bµν is the energy-momentum tensor of the matter field, and the total energy-momentum
tensor is
Tµν = T
b
µν + T
φ
µν . (6)
To discuss the cosmological evolution, we take the homogeneous and isotropic FRW
metric
ds2 = −dt2 + a(t)
2
1− kr2dr
2 + a(t)2r2(dθ2 + sin2 θdϕ2), (7)
where k = 0, −1, +1 represents a flat, open, and closed universe respectively. For conve-
nience, we write the metric as the general form
ds2 = gabdx
adxb + r˜2dΩ2, (8)
where dΩ2 = dθ2 + sin2 θdϕ2 and r˜ = a(t)r. For the FRW metric, gtt = −1 and grr =
a2(t)/(1− kr2). With this general metric, the ab components of Einstein tensor becomes
Gab = −
[
2r˜r˜;ab + gab(1− gcdr˜,cr˜,d − 2r˜✷r˜)
]
/r˜2, (9)
where the covariant derivative is with respect to the metric gab and ✷ = g
ab∇a∇b. Since
✷ˆF = ✷F + 2r˜−1r˜,aF,a, (10)
eq. (4) becomes
F (φ)Gab= −F (φ)[2r˜r˜;ab + gab(1− gcdr˜,cr˜,d − 2r˜✷r˜)]/r˜2
= 8piGTab +∇a∂bF (φ)− gab✷F (φ)− 2gabr˜−1r˜,cF,c, (11)
so
2r˜r˜;ab + gab(1− gabr˜,ar˜,b − 2r˜✷r˜)= − r˜
2
F
[8piGTab +∇a∂bF (φ)− gab✷F (φ)]
+2gabr˜r˜
,cF,c
F
. (12)
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After contraction, we get
2r˜✷r˜ =
r˜2
F
[
8piGT − ✷F (φ)− 4
r˜
r˜,cF,c
]
+ 2(1− gabr˜,ar˜,b). (13)
Substituting eq. (13) into eq. (12), we get
2r˜r˜;ab = 8piG
r˜2
F
(gabT − Tab)− 2gabr˜r˜,cF,c
F
− r˜
2
F
∇a∂bF (φ) + gab(1− gcdr˜,cr˜,d). (14)
For the FRW metric (7) and a perfect fluid for the source Tµν , eq. (14) reduces to the
cosmological equations,
3F
(
H2 +
k
a2
)
= 8piGρ− 3HF˙ , (15)
2F
(
H˙ − k
a2
)
= −8piG(ρ+ p) +HF˙ − F¨ , (16)
where the energy density ρ and the pressure p are
ρ = ρb +
φ˙2
2
(1 + 9ω2H2) + V (φ), (17)
p = pb +
φ˙2
2
[
1− ω2
(
2H˙ + 3H2 +
4Hφ¨
φ˙
)]
− V (φ). (18)
Comparing eqs. (17) and (18) with the standard Friedmann equations, we can think the
extra terms as the energy density and pressure due to the non-minimal coupling F (φ),
ρF = −3HF˙
8piG
, pF =
F¨
8piG
+
HF˙
4piG
. (19)
With the FRW metric, the energy conservation equation becomes
8piG [ρ˙+ 3H(ρ+ p)] = 3F˙
(
2H2 + H˙ +
k
a2
)
. (20)
In terms of the total energy ρt = ρ+ ρF and pressure pt = p+ pF , we get
8piG [ρ˙t + 3H(ρt + pt)] = 3F˙
(
H2 +
k
a2
)
. (21)
Now let us discuss the first law of thermodynamics on the apparent horizon. The apparent
horizon is defined as h = gabr˜,ar˜,b = 0, so
r˜A = arA = (H
2 + k/a2)−1/2. (22)
Take the time derivative of the apparent horizon r˜A, we get
˙˜rA = −r˜3AH
(
H˙ − k
a2
)
. (23)
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Take the future directed ingoing null vector field ka = (1,−Hr) which is also the (approxi-
mate) generator of the horizon, and the Misner-Sharp mass
M = F (φ)
2G
r˜(1− gabr˜,ar˜,b) = F (φ)
2G
r˜3
r˜2A
, (24)
since kar˜,a = 0, we get
kaM,a =M,t −HrM,r = F,t
2G
r˜3
r˜2A
+
F
G
r˜3(−
˙˜rA
r˜3A
). (25)
Therefore, on the apparent horizon, we find
− dE = −kcM,cdt = −dF
2G
r˜A +
F (φ)
G
dr˜A (26)
On the other hand, if we choose the horizon temperature TA = 1/(2pir˜A) and the horizon
entropy SA = pir˜
2
AF (φ)/G, then we get
TAdSA=
1
2piGr˜A
[2piF (φ)r˜Adr˜A + pir˜
2
AdF ]
=
F (φ)
G
dr˜A +
dF
2G
r˜A 6= −dE (27)
As expected, with the usual definitions of the temperature TA = 1/(2pir˜A), the entropy
SA = pir˜
2
AF (φ)/G associated with the apparent horizon, and the Misner-Sharp mass, the
first law of thermodynamics on the apparent horizon does not hold for general scalar-tensor
theories of gravity [14]. Without the non-minimal coupling F (φ), the first law of thermo-
dynamics on the apparent horizon holds for the non-minimally derivative coupling [31]. To
overcome the problem arising from the general non-minimal coupling F (φ)R, a mass-like
function which is equal to the Misner-Sharp mass on the apparent horizon was introduced
[16]. Therefore, following ref. [16], we use the mass-like function instead. The mass-like
function M is defined as
M =
F (φ)
2G
r˜(1 + gabr˜,ar˜,b) =
F (φ)
G
r˜ −M. (28)
On the apparent horizon, since h = gabr˜,ar˜,b = 0 and k
ah,a = 2 ˙˜rA/r˜
−1
A , so M = M =
F (φ)r˜A/(2G) = 4pir˜
3
Aρ/3. By using the result (26), on the apparent horizon, we get
dE = kcM,cdt =
1
G
kcF,cr˜Adt− dF
2G
r˜A +
F
G
dr˜A
=
dF
2G
r˜A +
F
G
dr˜A = TAdSA (29)
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With the help of the mass-like function M , we show that the first law of the thermody-
namics on the apparent horizon holds for the general scalar-tensor theory of gravity with
non-minimally derivative coupling. Note that all the variables in the above equations are
geometric quantities, the above relation is just a geometric identity and it is always true in
FRW metric. Next we need to show that the geometric quantities are related with physical
variables and the identity is equivalent to the Friedmann equation. Due to the extra term in
the right hand side of eq. (21), we expect the energy flow rate through the apparent horizon
to be
dE
dt
=
4pir˜3A
3
3F˙
8piGr˜2A
+ 4pir˜3AH(ρt + pt)
=
r˜A
2G
F˙ +
r˜3AH
2G
[
8piG(ρ+ p)−HF˙ + F¨
]
.
(30)
For Einstein gravity with F (φ) = 1, the above result recovers the standard relation dE =
4pir˜3AH(ρ+ p)dt.
From the definition of the mass-like function (28), we get
M,c =
(F r˜),c
G
− (F r˜),c
2G
(1− gabr˜,ar˜,b) + F r˜
G
(r˜,ar˜;ac). (31)
Substituting the field equations (13) and (14) into eq. (31), we get
M,c =
(F r˜),c
G
+ 2pir˜3
F,c
F
T − 4pir˜2(T ac − δacT )r˜,a −
F,c
FG
r˜2r˜,aF,a − F,a
G
r˜r˜,ar˜,c
−F,c
2G
r˜2✷r˜ − F,c
4FG
r˜3✷F − F;ac
2G
r˜2r˜,a. (32)
By using the field equation (32), we get the energy flow through the apparent horizon
dE = kcM,cdt =
dF
2G
r˜A +
r˜3AH
2G
[
8piG(ρ+ p)−HF˙ + F¨
]
dt. (33)
The is exactly what we speculate in eq. (30). Combining eqs. (16) and (23), we get
˙˜rA =
r˜3AH
2F
[
8piG(ρ+ p)−HF˙ + F¨
]
. (34)
Substituting eq. (34) into eq. (33), we obtain
dE =
dF
2G
r˜A +
F
G
dr˜A = TAdSA. (35)
Therefore, the first law of thermodynamics on the apparent horizon is derived from Fried-
mann equation. To derive Friedmann equation from the first law of thermodynamics on the
apparent horizon (35), we combine eqs. (30) and (35), then we get
F ˙˜rA =
r˜3AH
2
[
8piG(ρ+ p)−HF˙ + F¨
]
. (36)
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Substitute eq. (23) into the above equation, we obtain eq. (16) from the first law of
thermodynamics on the apparent horizon. Combining the energy conservation equation (20)
and eq. (16), after integration, we finally obtain the Friedmann equation (15). With help of
the mass-like function (28) and the proposed energy flow through the apparent horizon (30),
we show the equivalence between the first law of thermodynamics on the apparent horizon
and Friedmann equation.
III. CONCLUSIONS
With the help of the mass-like function which is equal to the Misner-Sharp mass on the
apparent horizon proposed in ref. [16], we show that the first law of thermodynamics on
the apparent horizon is a geometric identity for the general scalar-tensor theory of gravity
with non-minimally derivative coupling. To discuss the equivalence between the first law of
thermodynamics on the apparent horizon and Friedmann equation, we need to connect the
mass-like function with the physical energy flow through the apparent horizon. In standard
cosmology, the energy is conserved, i.e., ρ˙b + 3H(ρb + pb) = 0, and the energy flow through
the apparent horizon is 4pir˜3AH(ρb + pb). In general scalar-tensor theories of gravity, we
also expect that the energy flow through the apparent horizon has the term 4pir˜3AH(ρt +
pt). However, in the general scalar-tensor theory of gravity with non-minimally derivative
coupling, the total energy is not conserved, we have extra contribution coming from the non-
minimal coupling F (φ), so we propose that the energy flow through the apparent horizon
is given by eq. (30). By using Friedmann equations and the definition of the mass-like
function, we show that eq. (30) gives the energy flow through the apparent horizon. Then,
we show the equivalence between Friedmann equation and the first law of thermodynamics
on the apparent horizon. Therefore, our results further support the universal relationship
between the first law of thermodynamics and Friedmann equations.
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